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We give a simple proof of the fact (which follows from the RobertsonSeymour
theory) that a graph which is minimal of genus g cannot contain a subdivision of
a large grid. Combining this with the tree-width theorem and the quasi-wellordering
of graphs of bounded tree-width in the RobertsonSeymour theory, we obtain a
simpler proof of the generalized Kuratowski theorem for each fixed surface. The
proof requires no previous knowledge of graph embeddings.  1997 Academic Press
1. INTRODUCTION
One of the highlights and main sources of motivation for the Robertson
Seymour theory is the following generalization of Kuratowski’s theorem.
Theorem 1.1. For any fixed surface S there exist graphs G1 , G2 , ..., Gm
such that an arbitrary graph G can be embedded in S if and only if G has
none of G1 , G2 , ..., Gm as a minor.
Theorem 1.1 was conjectured by Paul Erdo s and Denes Ko nig in the
1930s. It was verified for S nonorientable by Archdeacon and Huneke [1],
and in the general case by Robertson and Seymour [10], see also
Bodendiek and Wagner [3].
In this paper we derive Theorem 1.1 from Theorem 1.2 below combined
with the first result of the Abstract. Theorem 1.2 follows from the papers IV
and V [8, 9] in the RobertsonSeymour theory. Apart from the actual
statement of Theorem 1.2 no other results, methods or concepts from the
RobertsonSeymour theory are used. Only very basic embedding properties
(to be described completely) and no topological intuition are used.
We define the grid Jk as a finite subgraph of the hexagonal tiling of the
Euclidean plane. We let J1 be a cycle of length 6. For each k2, we define
Jk as the union of Jk&1 and all those 6-cycles in the hexagonal grid which
intersect Jk&1. Clearly, Jk is a subdivision of a 3-connected graph when
k>1. With this notation [8, 9] imply
article no. TB971761
306
0095-895697 25.00
Copyright  1997 by Academic Press
All rights of reproduction in any form reserved.
File: 582B 176102 . By:CV . Date:07:07:01 . Time:10:28 LOP8M. V8.0. Page 01:01
Codes: 2816 Signs: 1874 . Length: 45 pic 0 pts, 190 mm
Theorem 1.2. Let S be any surface, and let k be any natural number.
There exist graphs G1 , G2 , ..., Gm which are not embeddeable in S such that
any graph which cannot be embedded in S and does not have any of G1 , G2 , ..., Gm
as a minor contains a subdivision of Jk .
2. BASIC PROPERTIES OF EMBEDDINGS
For notational convenience we consider orientable surfaces only. The
terminology is the same as in [12]. In particular, we do not allow loops
or multiple edges. If G is a connected graph with n vertices v1 , v2 , ..., vn and
q edges, then an embedding 6 is an n-tuple (?1 , ?2 , ..., ?n) where ?i is
a cyclic permutation of the edges incident with vi called the clockwise
orientation around vi for i=1, 2, ..., n. The facial walks are defined in the
obvious way (see [12]), and if f denotes the number of facial walks, then
we define the 6-genus g(G, 6) of G by Euler’s formula
n&q+ f =2&2g(G, 6).
The genus g(G) is the minimum g(G, 6) taken over all embeddings of 6.
If G$ is a connected subgraph of G, then 6 defines an obvious embedding
of G$, called the induced embedding, which is also denoted by 6.
It is easy to see that
0 g(G$, 6) g(G, 6). (1)
An edge e of G is a cutedge of G if G&e has two components G1 , G2 . In
that case a simple count shows that
g(G, 6)= g(G1 , 6)+ g(G2 , 6). (2)
G is planar if G has an embedding of genus 0. We shall use the following
special case of the genus additivity theorem [2]. For a short proof, see
e.g. [13].
(3)
If v is a cutvertex of the connected graph G, and G=G1 _ G2
where G1 & G2=[v] and G2 is nonplanar, then g(G)> g(G1).
Let G1 , G2 be disjoint connected graphs and let e=xy be an edge of G2 .
Let G be obtained from G1 _ G2 by first deleting e and then adding an edge
from x to G1 and an edge from y to G1 . With this notation we have
If G2 is nonplanar, then g(G)> g(G1). (4)
(4) follows by a simple count of facial walks. A related result is proved
in [4].
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We say that two embeddings of G are the same if they have the same
facial walks. With this notation Whitney’s theorem [14] on unique
embeddability of 3-connected planar graphs can be formulated as follows:
(5)
If G is a subdivision of a 3-connected planar graph, then G
has precisely one embedding of genus 0: The facial walks are
those cycles which are face boundaries in the planar embedding.
For a simple proof, see e.g. [7]. (5) implies:
(6)
If G is as in (5), then G _ [xy] is planar if and only if G has
a facial cycle containing x and y.
3. EMBEDDINGS OF GRAPHS CONTAINING A LARGE GRID
If H is a subgraph in a connected graph G, then the subgraph formed by
a component Q$ of G&V(H) together with all edges from Q$ to H and all
ends of these edges is called an H-component of G. Also, if e=xy is an edge
not in H such that both x and y are in H, then e, x, y form an H-compo-
nent. If Q denotes an H-component, then V(H) & V(Q) is the set of vertices
of attachment of Q. Suppose now that H is a subdivision of a grid. We say
that H is good in G if the union of H and all those H-components which
intersect H inside its outer cycle is planar.
Proposition 3.1. Let G be a connected graph of genus g and let H$ be
a subgraph of G such that H$ is a subdivision of the grid Jm . Let k be a
natural number. If m>100k - g, then H$ contains a subdivision H of the
grid Jk such that H is good in G.
Proof. Let Q1 , Q2 , ..., Q2g+2 be pairwise disjoint subgraphs in H$ each
of which is a subdivision of Jk , and such that, for any i, j where 1i<
j2g+2, the following holds: If xi (respectively xj) is on the outer cycle
of Qi (respectively Qj) and has a neighbor yi (respectively yj) in H$ but not
in Qi (respectively Qj) then H$ has a path from xi to xj having only xi and
xj in common with Q1 _ Q2 _ . . . _ Q2g+2 . We claim that at least one of
Q1 , Q2 , ..., Q2g+2 is good in G. Suppose (reductio ad absurdum) that this
is not the case. Then we construct an increasing sequence M1 , M2 , ..., Mg+2
of connected subgraphs in G such that
(i) M1=Q1 ,
(ii) Mi intersects at most 2i&1 of the graphs Q1 , Q2 , ..., Q2g+2 ,
and Mi includes each Qj that it intersects for i=1, 2, ..., g+1, and
j=1, 2, ..., 2g+2.
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(iii) g(Mi)i&1 for i=1, 2, ..., g+2.
Note that (iii) gives a contradiction for i= g+2.
Suppose we have constructed Mi such that (i), (ii) and (iii) are satisfied,
1i g+1. We shall then construct Mi+1.
By (ii), there is a j # [1, 2, ..., 2g+2] such that Mi & Qj=<.
Let R be any Qj -component which has a vertex of attachment x such
that x is not on the outer cycle of Qj . Let y be a vertex which is on the
outer cycle of Qj such that y is not on the same facial cycle as x, but y is
adjacent to a vertex of H$ outside the outer cycle of Qj . Let P1 be a path
in H$ from y to Mi such that P1 has only its ends in common with
Mi _ Q1 _ Q2 _ } } } _ Q2g+2.
Assume first that R intersects Mi . Let P2 be a path in R from x to Mi
such that P2 has only its ends in common with Mi _ Qj . As Qj _ [xy] is
nonplanar, by (6), it follows by (3) or (4) that Mi _ P1 _ P2 _ Qj can play
the role of Mi+1. We may therefore assume that R & Mi=<.
Assume next that R contains a vertex z of H$ not in Qj . Then we let P2
consist of a path in R from x to z followed by a path in H$ from z to
Mi _ P1 _ Qj such that P2 has only its ends in common with Mi _ Qj _ P1
and intersects at most one of those grids Q1 , Q2 , ..., Q2g+2 , say Qr , which
are not contained in Mi _ Qj . Then we let Mi+1=Mi _ Qj _ P1 _ P2 or
Mi _ Qj _ P1 _ P2 _ Qr (if Qr exists) By (3) or (4), g(Mi+1)> g(Mi), so
(ii), (iii) are satisfied with i+1 instead of i. So we may assume that R
contains no vertex of H$ not in Qj .
Since Qj is not good in G, the union of Qj and all those Qj-components
R which intersect Qj minus its outer cycle forms a nonplanar graph Q$j .
Now Q$j _ P1 can play the role of Mi+1. K
Proposition 3.2 below is a special case of a result of Mohar [6,
Theorem 5.1].
Proposition 3.2. Let G be a connected graph of genus g, and let H be
a subgraph of G such that H is a subdivision of the grid Jk and such that H
is good in G. Let 6 be an embedding of G such that the 6-genus is g. If
k4g+6, then the 6-genus of the subdivision of Jk&4g&4 in Jk is zero. In
other words, 6 induces a planar embedding of Jk&4g&4.
Proof. For each natural number j, jk, 6 induces an embedding of Jj
which we also denote by 6.
We first claim that there exists a natural number i, 1i g+1, such
that all those 6-cycles of Jk&4i+3 which intersect the outer cycle of Jk&4i+3
are 6-facial cycles in Jk . Suppose (reductio ad absurdum) that this is false.
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Then pick such a nonfacial 6-cycle, R$i say, in Jk&4i+3 , and let Ri be the
union of R$i and those six 6-cycles in Jk which intersect R$i . By (5), the
6-embedding of Ri has genus >1. We extend R1 _ R2 _ . . . _ Rg+1 to a
connected graph R in G such that only the edges of R1 _ . . . _ Rg+1 are
contained in cycles of R. By (2), the 6-genus of R is greater than g. This
contradiction proves the claim.
Consider an H-component Q which has not all its vertices of attachment
on the outer cycle of H. Since H is good in G, H _ Q is planar. In
particular, there is a 6-cycle C in Jk such that all vertices of attachment of
Q are in the cycle in H corresponding to C. If there are two possible
choices for C we say that Q is weakly attached to C. Otherwise, Q is
strongly attached to C. If Q is strongly attached to C, then we say that in
the planar embedding of H _ Q, Q is embedded inside C. Now, if Q is
strongly attached to C where C is a 6-cycle in Jk&4i+3 intersecting the
outer cycle of Jk&4i+3 , then we may assume that not only C is a 6-facial
cycle in H (as proved in the claim) but also that Q is 6-embedded inside
C and that 6 induces a planar embedding of C _ Q. If Q is weakly attached
to C, we may assume that 6 induces a planar embedding of Q _ C _ C$
where C$ is another 6-cycle to which Q is attached. We simply repeat the
proof of the claim.
Now consider the subgraph M of G obtained by deleting the subgraph
of H inside the outer cycle of Jk&4i+2 , and all H-components attached
to some vertex of Jk&4i+2 , except those H-components which are also
attached to a vertex in Jk&4i+3 but not in Jk&4i+2 . Clearly, M is connected,
and the 6-genus of M is at most g.
The above claim implies that the outer cycle of Jk&4i+2 is a 6-facial
walk of M. Therefore the 6-embedding of M can be extended to an embed-
ding of G with the same genus as the 6-genus of M. So, the 6-genus of M
equals g.
Now, every 6-cycle R in Jk&4i must be 6-facial. For otherwise, the union
of R, the six 6-cycles in Jk which intersect R, and a path from R to M
would have 6-genus >g, by (3). This contradiction proves that the
6-embedding of Jk&4g&4 is of genus 0. K
Theorem 3.3 below is closely related to a result of Seymour [11, (3.3)].
Theorem 3.3. Let G be a 2-edge-connected graph such that g(G)= g and
g(G&e)< g for every edge e in G. Then G contains no subdivision of the grid
Jm , m=W800g32X.
Proof. Suppose (reductio ad absurdum) that G contains a subdivision
of Jm . By Proposition 3.1, G contains a subdivision of Jk (k4g+4)
which is good in G. Let e be any edge in the subdivision of J1 in this
subdivision of Jk . Let 6 be an embedding of G&e of genus g&1. By (the
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proof of) Proposition 3.2, the induced embedding of J3 is of genus zero
(i.e., it is a planar embedding). But then 6 can be modified to an embedding
of G of genus g&1, a contradiction. K
Fellows and Langston [5] showed that an explicit upper bound on the
tree-width of the (minimal) graphs G1 , G2 , ..., Gm in Theorem 1.1 yields an
algorithm for finding them. Such an upper bound was found by Seymour
[11, (3.3)]. It also follows from Theorem 3.3 combined with the tree-width
theorem [9]. A stronger result of Seymour [11] is an explicit upper bound
on the number of vertices of G1 , G2 , ..., Gm .
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